
1152 AIAA JOURNAL, VOL. 33, NO. 6: TECHNICAL NOTES

o
O

1.2

1.0

0.6

0.4

0.2

0.0

Minimum Length Nozzle Wall Contours

——— MOC Prediction

- - Neural Net Prediction - Me = 5.0 -

Me = 3.0 _

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

Scaled X-Coordinate
Fig. 3 Comparison of nozzle wall shapes.

Since the relation between exit Mach number and minimum length
is a simple one-dimensional map, a polynomial approximation was
used as the first network. The second network had a single neuron
input layer, two hidden layers with four neurons each, and an output
layer with four neurons.

The traditional MLN problem can be solved using method of
characteristics (MOC) procedures and a program to that end was
developed by the authors and used to generate training data. This
phase involved randomly generating 200 exit Mach numbers in the
range [1.05, 5]. The MOC program was then run for each Mach
number and a fourth-order polynomial of the presented form was
used to fit the shape output from the MOC program. The polyno-
mial coefficients along with the corresponding exit Mach number
and minimum length formed the training sample set. Network train-
ing was accomplished through repeated presentation of the training
samples and backpropagation of error. Training both networks took
6 h on an IBM RS/6000 workstation.

The networks were then verified by randomly generating 40 Mach
numbers in the range [1.05, 5] and running both the MOC code and
the neural networks for each exit Mach number and obtaining the
corresponding shapes. Errors were computed using

50

(4)

where {jc/}f(l i are points along the length of each nozzle. Typical
results can be seen in Fig. 3. Good agreement was obtained between
the neural network predicted shapes and the MOC predictions over
the range of Mach numbers considered. The average error in shape
was 3.9% and the average error in exit Mach number was never
more than 3.1%. It must be noted that the 40 nozzle shapes were
predicted by the neural networks in only 2.4 s of CPU time on an
IBM RS/6000 workstation.

Conclusions
Experiments with two design problems have demonstrated the

ability of neural networks to accurately and rapidly solve inverse
aerodynamic problems. Once trained, a neural network is far su-
perior computationally than any standard technique. In situations
where inverse problems must be solved in real time, neural net-
works are certainly beneficial. Practical difficulties with this ap-
proach are associated with training data generation, sizing of the
network, and choice of training algorithms. Problems more complex
than those discussed here may require large amounts of computer
time to solve the forward problem and, thus, it would be difficult to
generate sufficient training data. Some complex problems may not
have an analytic forward solution available and would need to resort
to expensive experimentally generated training data. Robust neural
networks designed with minimal training are needed and is an area
suggested for further research.
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Introduction

THE hyperbolic equation method of grid generation1"6 devel-
oped by Steger and Chaussee2 is widely applied to external flow

problems because it is very fast and can provide approximate grid
orthogonality. However, grid oscillations frequently occur when-
ever the distribution of the Jacobian is not smooth7, particularly
in regions around a sharp convex or concave corner. In 1992, Chan
and Steger5 introduced several enhanced methods to eliminate these
oscillations.

In Ref. 7, Tai et al. pointed out that some grid oscillations are
due to the insufficient or excess damping of numerical equations
proposed in Refs. 2 and 5. Subsequently, they employed the first-
order upwind scheme8 to approximate the grid equations. However,
oscillation along the marching direction may still be present. Re-
cently, a predictor-corrector method was proposed in Refs. 9 and 10,
where the numerical procedure of Ref. 7 is considered as the pre-
dictor to recalculate the Jacobian. In Ref. 10, the restriction that the
opposite boundary can not be specified in hyperbolic grid systems
was partially alleviated by introducing a one-dimensional combi-
nation technique for the one-through type internal flow problems.
This study employs the smoothing effect of the modified hyper-
bolic grid solver and modifies the combination technique devel-
oped in Refs. 10-12. Consequently, a hyperbolic grid solver for
regions with prescribed grid points along all of the boundaries is
developed.

Formulation
Steger and Chaussee2 considered the following two equations
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which define the mapping between an irregular region on the (x, y)
plane and a regular region on the (f, 77) plane:

(1)
Without loss of generality, the marching from 77 = 0 to 77 = 77max is
considered. Steger and Chaussee approximated Eq. (1) in terms of
the equations

(2)

where the variables without the superscript are at an unknown level
»7 = (n + l)Aj7, and the cell area J~l is unknown and should be
previously specified.

Tai et al.7 defined W = [x, y ] T , C = A~1B, and S = 'A'1 •
[0, J~l + (J")~l]T, and approximated the flux terms in terms of the
first-order upwind difference scheme.7"10 Then, the hyperbolic grid
generation equations take the form

(3)

(4)

Although this system works very well for many problems, there are
still two additional drawbacks of two-dimensional grid generation:
one is grid oscillation along the marching direction, and the other
is the occurrence of shock-like grid distribution. To remedy these
problems, Eq. (3) is employed as a predictor to obtain smoothly
distributed / and other coefficients. The corrector9'10 is

- 2W +

= S,

(5)

To smoothly specify the Jacobian, the step-by-step strategy of
Steger and Chaussee2 is employed to estimate the Jacobian for ex-
ternal flow problems. For internal flow problems, associating to
each point of (x?, y") defines a targeting point on the opposite solid
boundary and connects these points by straight parallel lines. Then
a prescribed grid stretching function along the line is used to deter-
mine J.

Equations (3-5) are first-order schemes which flatten every grid
curvature rapidly but make grid lines run out of the boundary around
sharp convex corners. A simple and effective procedure useful here
is to average those coefficients of Eqs. (3) and (5) from neighboring
points at the first grid line next to the boundary. For example, the
eigenvalue is calculated as

(6)

A?. = 2~nX? +• (1 - n = 0, 1, 2, . . . ,

The coefficients C" , A" , and Jf are evaluated by the same form. This
method is in some sense similar to the average method of Ref. 5, but

the present method does not require modification of the governing
equations.

Suppose that we want to generate a grid system in an enclosed
region. First, four grid systems starting from each boundary are ob-
tained by solving Eqs. (3-6). These grid systems are named (x/, y/),
(xr, yr), fa, y^Xand (*„ yt), which corresponds to grid systems
starting from the left, right, bottom, and top boundaries, respec-
tively. The final grid system is a combination of these grid systems.
Using the idea of combination formulas for the control functions
of the adaptive grid scheme solving elliptic equations,11'12 the grid
combination formula takes the form

? + sr (

(7)

1 1
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where a and k are positive constants determining the grid quality
around a boundary. For example, consider the grid distribution near
the left boundary. A larger value of a, for example a > 4, expresses
that a larger region of the grid distribution is dominated by (*/, y/).

Fig. 1 Detailed grid distribution of a backward facing step flow region,
generated by the present method, Eqs. (3-6).

Fig. 2 Grid distribution generated by the present method, starting
from the left boundary.
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Fig. 3 Final grid system combining Fig. 8a and those starting from the
right, bottom, and upper boundaries, a = 2 and k = 1.4.

The range of 1 < k < 1.5 is employed to guarantee grid orthogo-
nality at points next to a boundary and remote from a corner.

Results and Discussion
Figure 1 is a typical example of the application of Eqs. (3-6),

which march from the lower boundary toward the upper boundary
with the Hoffmann floating boundary conditions3 on the left and
right boundaries. The required CPU time is 0.2 s on a SUN Spare X
workstation and the grid size is 51 x 20. The targeting grid points
along the upper boundary are vertical projections of the grid points
on the if] = n Arj line. The Jacobian is then determined by specifying
grid spacing along the vertical connecting line, which obviously
has the effect of adjusting grid lines to fit the upper boundary. Grid
smoothness around the lower and upper corners of the backward
facing step is satisfactory. If only Eqs. (3) and (4) are employed,
three drawbacks (not shown here) occur: the grid line will run out
of the boundary in the upper corner, the grid line stemming from
the upper corner will have a minor oscillation, and grid lines will
cluster around the grid line stemming from the lower corner.

Figure 2 is the (jc/, y/) grid system generated by the present grid
solver whose grid size is 58 x 58. The targeting boundary is assumed
to be a straight line. The grid systems generated from the bottom,
right, and upper boundaries are rotational forms of Fig. 2. The result
(see Fig. 3), which combines these figures and uses a = 2, k = 1.4,
spent 3.0 CPU s. The grid orthogonality around all of the boundaries
is preserved very well. In the central region, although grid orthogo-
nality can not be preserved, grid points are smoothly distributed as
shown.

Conclusions
A predictor-corrector version of the hyperbolic grid solver of Tai

et al. is employed to construct a grid combination method for the
internal flow problems. The resulting grid system preserves grid or-
thogonality around all of the boundaries and preserves grid smooth-
ness in the interior region. The extension of the present study to
three dimensions is simple and straightforward.
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Introduction

T HE two-dimensional flow past around a circular cylinder has
always been an interesting problem due to its simple geom-

etry but complicated physical phenomena. Traditionally, the study
is based on flows in an infinite domain with a uniform incoming
velocity far upstream. Much experimental data are available in the
literature (see, for example, Ref. 1).

Although variations of the flow pattern are easily observed in
experiments, few detailed reports on numerical examinations and
theoretical studies are available (e.g., Refs. 2 and 3). In fact, it is
difficult to simulate these flow phenomena rigorously. This arises, in
part, because the decay of wake is not clearly understood and, there-
fore, no mathematically or physically rigorous downstream bound-
ary conditions are known.

To avoid this difficulty, this study attempts to examine the flow by
placing the cylinder in the entrance region of a semi-infinite channel
flow. The emergence of the recirculating region is studied and the
results are compared with those in an unbounded flow domain.
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